Abstract. Let Q be an acyclic quiver and let A(Q) be the corresponding cluster algebra. Let H be the path algebra of Q over an algebraically closed field and let M be an indecomposable regular H-module. We prove the positivity of the cluster characters associated to M expressed in the initial seed of A(Q) when either H is tame and M is any regular H-module, or H is wild and M is a regular Schur module which is not quasi-simple.
1. Introduction 1.1. Cluster algebras. Cluster algebras were introduced by Fomin and Zelevinsky in 2001 in order to design a combinatorial framework for studying total positivity in algebraic groups and canonical bases in quantum groups [FZ02] . Since then, they have shown connections with various areas of mathematics like for instance combinatorics, Lie theory, Teichmüller theory, Poisson geometry, Donaldson-Thomas invariants and representation theory of algebras.
A cluster algebra A(Q, x, y) is defined from a seed (Q, x, y) where Q is a quiver with m ≥ 1 vertices and without loops or 2-cycles, x = (x 1 , . . . , x m ) is a m-tuple of indeterminates and y = (y 1 , . . . , y m ) is a m-tuple of elements of a semifield P. It is a ZP-subalgebra of the ambient field QP(x 1 , . . . , x m ) equipped with a distinguished set of generators, called cluster variables, gathered in possibly overlapping sets of fixed cardinality m, called clusters. If the quiver Q is without oriented cycles, the cluster algebra A(Q, x, y) is called acyclic. If the semifield P is reduced to {1}, the cluster algebra is called coefficient-free and is denoted by A(Q, x).
1.2. Positivity. In [FZ02] , Fomin and Zelevinsky proved that every cluster variable in A(Q, x, y) can be written as a Laurent polynomial with coefficients in ZP in any cluster, this is known as the Laurent phenomenon. Moreover, they conjectured that Laurent expansions of cluster variables expressed in any cluster are subtraction-free, this is known as the positivity conjecture. This conjecture was in particular established for the class of cluster algebras with a bipartite seed by Nakajima [Nak10] and the class of cluster algebras from surfaces by Musiker, Schiffler and Williams [MSW09] but it is still open in general. It is in particular open for acyclic cluster algebras.
If Q is acyclic, it is well-known that the cluster algebra structure is strongly related to the structure of the category of representations of Q over an algebraically closed field k and more precisely to the structure of the cluster category introduced in [BMR + 06] (see for instance [Kel10] and references therein). Nevertheless, for the sake of simplicity, we will only consider the category of representations of Q, which is enough for the purpose of this article. In this context, there is a map, called cluster character, which associates to any representation M of Q a certain Laurent polynomial CK06, Pal08, FK10] . This Laurent polynomial is defined as a generating series for the Euler-Poincaré characteristics χ(Gr e (M )) of the quiver Grassmannians Gr e (M ) where e runs over Z n ≥0 (see Section 2 for definitions). It is known that this map realizes a bijection between the set of indecomposable rigid, that is without self-extension, representations of Q and the cluster variables of A(Q, x, y) which are distinct from the initial cluster variables x 1 , . . . , x m [FK10] .
Recently, Qin and Nakajima gave two independent proofs of the fact that if M is a rigid representation of Q, then χ(Gr e (M )) ≥ 0 [Qin11, Nak10] . It proves in particular that cluster variables in A(Q, x, y) can be expressed as subtraction-free Laurent polynomials in the initial cluster of A(Q, x, y).
In this article, we will generalise this result to cluster characters associated to certain indecomposable non-rigid representations of the quiver Q. The motivation for this generalisation comes from the fact that such cluster characters arise in the constructions of cluster bases in cluster algebras.
1.3. Cluster bases. As we mentioned, the two main objectives in the theory of cluster algebras are the comprehension of total positivity in algebraic groups and of canonical bases in quantum groups. The problem of total positivity is related to the positivity conjecture we just discussed. The problem of canonical bases is related to the study of cluster bases we now present.
Given a cluster algebra A(Q, x, y), a monomials in cluster variables belonging all to a same cluster is called a cluster monomial in A(Q, x, y) and the set of cluster monomials is denoted by M Q . It is conjectured, and proved in several situations that cluster monomials are always independent over the ground ring ZP, see [Pla10] . A cluster basis in A(Q, x, y) is thus defined as a ZP-linear basis of A(Q, x, y) containing the set of cluster monomials. The problem of constructing cluster bases was studied in [SZ04, CK08, CZ06, Cer11, Dup08, Dup10b, DXX09, GLS10] . If the positivity conjecture holds, every cluster monomial can be written as a subtractionfree Laurent polynomial in any cluster of A(Q, x, y), such elements in A(Q, x, y) are called positive. A natural problem is thus to construct cluster bases consisting of positive elements. A first step in this direction is to prove that known cluster bases consist of elements which can be written without subtraction in the initial cluster of A(Q, x, y).
If Q is a Dynkin quiver, known constructions of bases in A(Q, x, y) only involve cluster monomials [CK08] and it is known that, in this case, cluster monomials can be realised in terms of cluster characters associated to rigid representations of a Dynkin quiver [CC06, FK10] . Thus, it follows from the result by Qin and Nakajima that these bases can be expressed as subtraction-free Laurent polynomials in the initial cluster of A(Q, x, y).
If Q is acyclic and of infinite representation type, one can construct various cluster bases in A(Q, x, y) using the so-called generic bases considered in [Dup11b, GLS10] . It is known that all these bases involve cluster characters associated to both rigid representations and indecomposable non-rigid representations of Q. Moreover, all the indecomposable representations considered in these constructions are Schur representations, that is, have a trivial endomorphism ring [Dup11b] . Thus, the study of the positivity of the elements in the generic bases leads to the study of the positivity of the cluster characters associated to indecomposable non-rigid and in particular, regular Schur representations.
1.4. Main results. In [FZ07] , Fomin and Zelevinsky proved that the study of A(Q, x, y) over the ground ring ZP associated to an arbitrary semifield P can be reduced to the case where P is the tropical semifield generated by the m-tuple y. In this case, A(Q, x, y) is said to have principal coefficients at the initial seed (Q, x, y). Thus, without any other specifications, we always assume that P is the tropical semifield generated by y so that cluster variables and cluster characters belong to the ring Z[y 1 , . . . , y m , x ±1 1 , . . . , x ±1 m ]. Theorem 1.1. Let Q be a representation-infinite acyclic quiver and let M be a regular Schur kQ-module which is not quasi-simple. Then
As a corollary, we obtain the positivity of the Euler-Poincaré characteristics of the quiver Grassmannians for these modules : Corollary 1.2. Let Q be a representation-infinite acyclic quiver and let M be a Schur regular kQ-module which is not quasi-simple. Then for any dimension vector e ∈ Z m ≥0 we have χ(Gr e (M )) ≥ 0. Remark 1.3. Note that this result does not hold for any indecomposable representation of an acyclic quiver. Indeed, Derksen, Weyman and Zelevinsky provided an example of a quiver Grassmannian with negative Euler-Poincaré characteristics associated to an indecomposable non-rigid representation of a wild quiver [DWZ10, Example 3.6]. Nevertheless, our result does not contradict their example since the representation they consider is quasi-simple.
An essential ingredient in the proof of Theorem 1.1 is that Schur regular modules which are not quasi-simple have rigid quasi-composition factors. When Q is an affine quiver, that is when Q is of type A, D or E, we can actually relax this assumption by using a certain combinatorial identity, called difference property. This identity relates the cluster characters associated to modules in homogeneous tubes, which do not have rigid quasi-composition factors, to the cluster characters associated to modules in exceptional tubes, which have rigid quasi-composition factors. Nevertheless, the difference property was only established for cluster characters without coefficients [Dup08, DXX09] so that the following theorem may only be proved for coefficient-free cluster characters, that is, for the specialisation
Theorem 1.4. Let Q be an affine quiver and let M be a kQ-module. Then
If Q is an affine quiver, we also study three different cluster bases in the coefficient-free cluster algebras A(Q, x). The first basis, which we denote by B Q , is a generalisation of the bases considered in [SZ04, Cer11] . The second basis, denoted by C Q , is a generalisation of the basis considered in [CZ06] and the third basis G Q is the generic basis considered in [Dup11b, GLS10] . For these cluster bases, we prove the following theorem : Theorem 1.5. Let Q be an affine quiver, then :
(
1.5. Organisation of the paper. In Section 2, we fix notations and recall the background concerning cluster characters and the structure of regular modules over representation-infinite hereditary algebras. In Section 3, we study generalised Chebyshev polynomials whose combinatorics are closely connected to those of cluster characters in regular components. In Section 4 we use these polynomials to prove Theorem 1.1 and Corollary 1.2. In Section 5 we study another family of multivariate polynomials, called ∆-polynomials, which are used to prove Theorem 1.4 in Section 6. Finally, Section 7 is devoted to the precise statement and the proof of Theorem 1.5.
Notations and background
Let Q denote a finite connected quiver which is acyclic and of infinite representation type. The set of vertices in Q is denoted by Q 0 and the cardinality of this set is denoted by m. We fix a Q 0 -tuple of indeterminates x = (x i |i ∈ Q 0 ), a semifield P and a Q 0 -tuple y = (y i | i ∈ Q 0 ) of elements of P such that P is the tropical semifield generated by y 1 , . . . , y m . We denote by A(Q, x, y) the cluster algebra with principal coefficients at the initial seed (Q, x, y).
2.1. Cluster characters. Let k be an algebraically closed field. We denote by kQ the path algebra of Q over k. We naturally identify the category of (finite dimensional) representations of Q over k with the category mod-kQ of finitely generated right-kQ-modules. For any vertex i ∈ Q 0 , we denote by S i the simple representation of Q at i. Given a representation M of Q, we denote by dim M ∈ Z Q0 ≥0 its dimension vector. We denote by −, − the Euler form on mod-kQ given by
It is well-known that this form only depends on the dimension vectors.
For any representation M of Q and any dimension vector e ∈ Z Q0 ≥0 , we set
It is a projective variety, called the quiver Grassmannian of M (of dimension e), and we denote by χ(Gr e (M )) its Euler-Poincaré characteristic (with respect to the simplicial cohomology if k is the field of complex numbers and to the compactly supported étale cohomology if k is arbitrary).
For any representation M of Q, the cluster character associated to M is
where we use the short-hand notation Z[y,
This map was first introduced in [CC06] and it was later generalised in [CK06, Pal08, FK10, DWZ10, Pla11]. It is known that the cluster character (resp. the coefficient-free cluster character) induces a bijection from the set of indecomposable rigid representations of Q to the set of cluster variables in
Regular modules over representation-infinite hereditary algebras.
Throughout the article, we will make a free use of classical results on the structure of regular modules over a representation-infinite hereditary algebra. For details concerning this theory, we refer for instance the reader to [Rin84] for affine quivers and to [Ker96] for wild quivers.
We denote by τ the Auslander-Reiten translation on mod-kQ. An indecomposable kQ-module is called regular if it is neither in the τ −1 -orbit of a projective module nor in the τ -orbit of an injective module. The Auslander-Reiten quiver of mod-kQ is denoted by Γ(mod-kQ). The components of Γ(mod-kQ) containing neither projective modules nor injective modules are called regular components of Γ(mod-kQ) and it is known that every indecomposable regular module belongs to a regular component.
Every
Let R be a regular component in Γ(mod-kQ) and M be an indecomposable object in R. Then there exists a unique family
kQ-modules in R such that R (0) = 0 and such that there is a sequence of irreducible monomorphisms
is called the quasi-socle of M and the integer n is called the quasi-length of M . The module M is called quasi-simple if its quasi-length is equal to 1. The
. . , n are called the quasi-composition factors of M , with the convention that R (0) = 0. The modules of quasi-length 1 are called quasi-simple in R. Note that τ M i ≃ M i−1 for every i = 2, . . . , n.
If Q is an affine quiver, the regular components form a P 1 (k)-family of tubes and at most three of these tubes are exceptional. If Q is wild, every regular component is a sheet. It is well-known that quasi-simple kQ-modules in exceptional (resp. homogeneous) tubes are always (resp. never) rigid and that quasi-simple modules in sheets can be rigid or not.
Generalised Chebyshev polynomials
As it was observed in [Dup11a, Dup10a] , the combinatorics of cluster characters associated to regular modules are governed by a family of multivariate polynomials. The aim of this section is to give prove some technical properties of these polynomials which will be useful in the proofs of Theorem 1.1 and Theorem 1.4. Let q i , t i with i ∈ Z be indeterminates over Z. We set q = {q i | i ∈ Z} and t = {t i | i ∈ Z} and for any subset J ∈ Z we set q J = {q i | i ∈ J} and t J = {q i | i ∈ J}. For every n ≥ 1, the n-th quantized generalized Chebyshev polynomial is the polynomial P n (q 1 , . . . , q n , t 1 , . . . ,
Note that P n does not depend on the variable q 1 so that it can be viewed as a polynomial in the 2n − 1 variables q 2 , . . . , q n , t 1 , . . . , t n . Nevertheless, it is usually more convenient to consider P n as a polynomial in the 2n variables q 1 , . . . , q n , t 1 , . . . , t n .
3.1. Partial derivatives of generalised Chebyshev polynomials. We first prove that generalised Chebyshev polynomials satisfy simple partial differential equations.
Lemma 3.1. For every n ≥ 1 and 1 ≤ i ≤ n, we have
Proof. Expanding the determinant with respect to the i-th column in equation (1), we get
where Q does not depend on the variable t i . Thus, taking the derivative in t i , we get
3.2. Positivity properties of generalised Chebyshev polynomials.
Lemma 3.2. Let q = {q i |i ∈ Z}, t = {t i |i ∈ Z} be families of indeterminates over Z. Then for any n ≥ 1,
Proof. Let n ≥ 1 be an integer. Consider the quiver A of Dynkin type A n+2 equipped with the following orientation :
and note that this isomorphism preserve the positive cones in the sense that
where the last equality follows from [Dup10a, Theorem 3]. In particular, since Σ (n) is an indecomposable representation of a quiver of Dynkin type A, its quiver Grassmannians have non-negative characteristics and it follows that X
We now prove a technical lemma. Lemma 3.3. Let q = {q i |i ∈ Z}, t = {t i |i ∈ Z} and u = {u i |i ∈ Z} be families of indeterminates over Z. Then for any n ≥ 1,
Proof. Consider the polynomial P n (q 1 , . . . , q n , t 1 +u 1 + q1 t2 , . . . , t n +u n + qn tn+1 ) viewed as an element of Z[q 1 , . . . , q n , t
Taking the Taylor expansion, we get that P n (q 1 , . . . , q n , We now prove Theorem 1.1. We thus fix an acyclic quiver Q and for any kQmodule M and any dimension vector e ∈ Z Q0 ≥0 , we set
where we adopt the notation y e = i∈Q0 y ei i . Thus, we have
The following lemma will be essential in the following :
Lemma 4.1. Let Q be an acyclic quiver and let M be an indecomposable nonprojective kQ-module, then
Proof. We have
4.1. Proof of Theorem 1.1. We now assume that Q is representation-infinite. We fix an indecomposable regular kQ-module M and we denote by R the regular component containing M which is of the form R ≃ ZA ∞ /(τ p ) for some p ≥ 0. We denote by R i with i ∈ Z/pZ the quasi-simple modules in R and we order them in such a way that τ R i ≃ R i−1 for any i ∈ Z/pZ. Without loss of generality, we can assume that M ≃ R (n) 1 for some n ≥ 1. Then it follows from [Dup10a, Theorem 2] that (2)
For any i ∈ Z/pZ we set
With these notations, it follows from Lemma 4.1 that
for any i ∈ Z/pZ. Replacing in (2), we get
and thus specialising Lemma 3.3 at q i = y dim Ri , u i = ν i and t i = τ i , we get
Assume now that n ≥ 2 and that M is a Schur module, then it follows from [Ker96, §9.2] that the quasi-composition factors R 1 , . . . , R n of M are rigid. In particular, χ(Gr e (R i )) ≥ 0 for any dimension vector e ∈ Z Q0 ≥0 and any
. This proves the theorem.
4.2. Proof of Corollary 1.2. Let Q be a representation-infinite acyclic quiver algebra and let M be a regular Schur kQ-module which is not quasi-simple. According to Theorem 1.1, we have X M ∈ Z ≥0 [y, x ±1 ] and thus, specialising the x i 's at 1, we get
The ring Z ≥0 [y] is naturally Z Q0 -graded by setting deg(y i ) to be the i-th vector of the canonical basis of Z Q0 for any i ∈ Q 0 . Thus, identifying the graded components, we get χ(Gr e (M )) ∈ Z ≥0 for any e ∈ Z Q0 ≥0 . This proves the corollary.
∆-polynomials
Generalised Chebyshev polynomials allow to express cluster characters associated to regular modules in terms of cluster characters associated to their quasicomposition factors. As it appeared in the proof of Theorem 1.1, when the quasicomposition factors are rigid, the positivity of the considered character can be deduced from the positivity of the characters associated to the quasi-composition factors. In the tame case, regular modules in homogeneous tubes have non-rigid quasi-composition factors. Nevertheless, the ∆-polynomials we now introduce allow to express cluster characters associated to regular modules in homogeneous tubes in terms of cluster characters associated to quasi-simple modules in exceptional tubes, which are known to be rigid. These ∆-polynomials actually come from difference properties introduced in [Dup08, DXX09, Dup10b] .
Definition 5.1. Let q i , t i with i ∈ Z be indeterminates over Z. For any p ≥ 1, and l ≥ 1, we set
Remark 5.2. Note that we will only consider the "coefficient-free" ∆-polynomials of the form ∆ l,p in Sections 6 and 7 since the difference properties are only known for cluster characters without coefficients. Nevertheless, it seems that the ∆-polynomials of the form ∆ l,p are the polynomials to consider for cluster characters with coefficients. This is the reason why we do not restrict to polynomials of the form ∆ l,p in this section.
We now prove the analogue of Lemma 3.3 for ∆-polynomials :
Lemma 5.3. Let q i , t i , u i with i ∈ Z be indeterminates. Then for any l, p ≥ 1, we have
Proof. As for Lemma 3.3, the proof is based on a Taylor expansion of ∆ l,p . In order to shorten notations, for every n ≥ 1 and any i ∈ Z, we set
If i = 1, the claim clearly holds. Now if i > 1, using Lemma 3.1 and the following three terms relations for generalized Chebyshev polynomials (obtained by expanding the determinant expression of P i−1 )
we get :
On the other hand, P lp−1 (q i+1 , . . . , q lp , q 1 , . . . , q i−1 , t i+1 , . . . , t lp , t 1 , . . . , t i−1 ) is :
Expanding with respect to the column containing q 1 , we get:
where A, B, C are n − 1 × n − 1 minors. Computing these minors, we get:
and the claim is proved. Considering the Taylor expansion in (u 1 , . . . , u lp ), we get that
But for every i 1 , . . . , i p , it follows from the claim that
is a derivative of a generalized Chebyshev polynomial in consecutive variables. Thus, by Lemma 3.3, this is again a product of generalized Chebyshev polynomial in consecutive variables. Then, Lemma 3.3 implies that
so that finally,
and the lemma is proved.
Remark 5.4. Note that the positivity of ∆ l,p (q 1 , . . . , q p , t 1 + u + q1 t2 , . . . , t lp + u lp + q lp t1 ) really comes from the fact that in the last variable t 1 occurs instead of t lp+1 . This is an illustration of the fact that the ∆-polynomials arise from tubes, that is, periodic (in this case, p-periodic) regular components. Indeed, in general, the polynomial ∆ l,p (q 1 , . . . , q lp ,
) is not subtraction-free. Consider for instance l = 1, p = 2 and specialise the u i 's to 1, then
6. Proof of Theorem 1.4
Let Q be an affine quiver. In this section we prove that X M ∈ Z[x ±1 ] for any kQ-module M where X M denotes the coefficient-free cluster character associated to M .
Note that the ring homomorphism Z[y,
] sending all the y i 's to 1 sends X M to X M for any kQ-module M and it preserves the positive cones so that whenever
]. Since X M⊕N = X M X N for any two kQ-modules M and N , it is enough to consider the case where M is indecomposable. The proof will consider several cases depending on the component of the Auslander-Reiten quiver Γ(mod-kQ) of mod-kQ containing M .
If M is not in a regular component, then it is rigid so that χ(Gr e (M )) ≥ 0 and thus
Hence, we only need to treat the case where M is an indecomposable regular module.
6.1. Exceptional tubes.
Lemma 6.1. Let Q be an affine quiver and let M be an indecomposable regular kQmodule contained in an exceptional tube of Γ(mod-kQ).
Proof. The proof is similar to the proof of Theorem 1.1. We denote by R i with i ∈ Z/pZ the quasi-simple objects in the exceptional tube T containing M ordered in such a way that τ R i ≃ R i−1 for any i ∈ Z/pZ. Without loss of generality, we can assume that there exists some n ≥ 1 such that M ≃ R (n)
1 . Then, as in the proof of Theorem 1.1, we get
where for any i ∈ Z/pZ we have set
Now, since the tube T is exceptional, it follows that its quasi-simple objects are rigid in mod-kQ and in particular each R i is rigid. Then ν i ∈ Z[y, x ±1 ] for every i ∈ Z/pZ and thus
6.2. Homogeneous tubes. For modules in homogeneous tubes, the proof will be divided into two steps. We recall that for any n ≥ 1, the n-th normalised Chebyshev polynomial of the first kind is the polynomial F n ∈ Z[x] defined by
Lemma 6.2. Let Q be an affine quiver and let M be an indecomposable kQ-module which is quasi-simple in a homogeneous tube. Then for any n ≥ 1 we have
Proof. If Q is the Kronecker quiver, this was proved in [SZ04] so that we may assume that Q has at least three vertices and thus, the Auslander-Reiten quiver of mod-kQ contains an exceptional tube T of rank p > 1 whose quasi-simple modules, denoted by R i with i ∈ Z/pZ, are ordered in such a way that τ R i ≃ R i−1 for any i ∈ Z/pZ.
Then it follows from [Dup10b, Proposition 3.3] that
for any n ≥ 1. For any i ∈ Z/pZ and for any dimension vector e = (e i ) i∈Q0 ∈ Z Q0 ≥0 , we set
We thus get
by Lemma 5.3. Now, for any i ∈ Z/pZ, the module R i is quasi-simple in an exceptional tube so that it is rigid and thus each τ
Lemma 6.3. Let Q be an affine quiver and let M be an indecomposable kQ-module in a homogeneous tube. Then
Proof. Let T be a homogeneous tube and let M be the quasi-simple module in T . For any n ≥ 1 we denote by M (n) the unique indecomposable module in T with quasi-length n. We need to prove that X M (n) ∈ Z ≥0 [x ±1 ] for any n ≥ 1. For any n ≥ 1 we denote by S n ∈ Z[x] the n-th Chebyshev polynomial of the second kind given by S 0 (x) = 1, S 1 (x) = x and S n+1 (x) = xS n (x) − S n−1 (x) for any n ≥ 1 or equivalently by S n (x) = P n (1, . . . , 1, x, . . . , x).
It follows from [Dup10a, Theorem 2] (see also [CZ06] ) that for any n ≥ 1, we have X M (n) = S n (X M ). It is well-known that S n = ⌊n/2⌋ k=0 F n−2k so that
and it thus follows from Lemma 6.2 that each of the terms in this sum belongs to
]. This proves the lemma and Theorem 1.4 follows.
Application to cluster bases in cluster algebras
Let Q be an acyclic quiver and let A(Q, x) be the corresponding (coefficient-free) cluster algebra. If Q is an affine quiver, one can naturally construct three distinct cluster bases of particular interest in A(Q, x) using the representation theory of Q. All these three constructions involve an element of A(Q, x), which we we denote by X δ and which is given by the value of X M on any quasi-simple module in a homogeneous tube. Note that this value is independent on the chosen homogeneous tube [Dup11b, Lemma 5.3].
The first basis, initially constructed by Sherman and Zelevinsky for the Kronecker quiver [SZ04] and by Cerulli for quivers of type A 2,1 [Cer11] is given by B Q = M Q ⊔ {F n (X δ )X R |n ≥ 1, R is a regular rigid kQ-module} .
It is conjectured in [Dup10b] that this cluster linear basis of A(Q, x) is actually canonically positive (or atomic) in the sense of [Cer11] , that is, it is constituted of the extremal elements in the positive cone of A(Q, x).
The second basis was initially constructed by Caldero and Zelevinsky for the Kronecker quiver [CZ06] . It is given by B Q = M Q ⊔ {S n (X δ )X R |n ≥ 1, R is a regular rigid kQ-module} where for any n ≥ 1, S n is the n-th normalised Chebyshev polynomial of the second kind whose definition is recalled in the proof of Lemma 6.3.
The third basis was considered in [Dup11b] and, in a broader context by Geiss, Leclerc and Schröer [GLS10] . It is given by B Q = M Q ⊔ {X n δ X R |n ≥ 1, R is a regular rigid kQ-module} . and it is called the generic basis of A(Q, x).
The fact that all these three bases are indeed cluster bases follows from [Dup11b, Dup08, DXX09] and more generally [GLS10] . We conjecture that these three cluster bases consist of positive elements of A(Q, x). As a byproduct of the methods used in this article, we can partially prove this conjecture. More precisely, we prove Theorem 1.5, stating that the elements in these three bases can be written as subtraction-free Laurent polynomials in the initial cluster of the cluster algebra A(Q, x).
7.1. Proof of Theorem 1.5. It is well-known that for any indeterminate z, the element z n can be written as a Z ≥0 -linear combination of S k (z) with k ≤ n and S n (z) can be written as a Z ≥0 -linear combination of F k (z) with k ≤ n (see for instance [Dup11b, Section 6]). Thus, any element in G Q can be expressed as a Z ≥0 -linear combination of elements of C Q and each element of C Q can be expressed as a Z ≥0 -linear combination of elements of B Q . Thus, it is enough to prove that B Q ⊂ Z ≥0 [x ±1 1 , . . . , x ±1 m ] in order to prove the theorem. Elements in B Q are either cluster monomials or products of the form X R F n (X M ) where n ≥ 1 and R is a regular rigid kQ-module and M is a quasi-simple module in a homogeneous tube. According to [Nak10, Qin11] , every cluster monomial and every element of the form X R where R is regular rigid belongs to the cone Z ≥0 [x ±1 ]. Moreover, it follows from Lemma 6.2 that
] is stable under product, it follows that B Q ⊂ Z[x ±1 ] and Theorem 1.5 is proved.
